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Abstract. Most of results of Bestvina and Mogilski [Charac- 
terizing certain incomplete infinite- dimensional absolute retracts, 
O ! Michigan Math. J. 33 (1986), 291-313] on strong Z-sets in ANR's 

CN ■ and absorbing sets is generahzed to nonseparable case. It is shown 

that if an ANR X is locally homotopy dense embeddable in infinite- 
dimensional Hilbert manifolds and w(U) = w{X) (where 'w' is the 
topological weight) for each open nonempty subset U of X, then 
X itself is homotopy dense embeddable in a Hilbert manifold. It 
is also demonstrated that whenever X is an AR, its weak product 
^^ • M^(X, *) = {(a;n)^i G X'^ : Xn = * for almost all n} is home- 

rs I omorphic to a pre-Hilbert space E with E = Y.E. An intrinsic 

• ■ characterization of manifolds modelled on such pre-Hilbert spaces 

''pi I is given. 
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In [28] Henderson has shown that a Z-set in a paracompact manifold 
M modelled on a metrizable locally convex topological vector space F 

(3 ' such that F^ = F is a strong Z-set in M. This result was used by 

Chapman [14] to generalize the results of Anderson and McCharen [3] 
on extending homeomorphisms between Z-sets of a manifold modelled 
on an infinite-dimensional Frechet space. The homeomorphism exten- 

/\^ • sion theorem was applied in Toruhczyk's original proof [44, 45] that ev- 

ery Frechet space is homeomorphic to a Hilbert space. In his proof also 
strong Z-sets play important role. In the meantime it turned out that 
these sets are more applicable in the theory of incomplete ANR's than 
Z-sets. With use of strong Z-sets several infinite-dimensional AR's 
have been characterized, see e.g. [10], [6], [11], [17, 18], [34]. Strong 
Z-sets are therefore an important tool in studying ANR's. We present 
here several theorems on strong Z-sets in (nonseparable) ANR's which, 
in particular, generalize the results of Henderson [28] and Bestvina and 
Mogilski [10] and we use them to generalize most important facts on 
absorbing sets due to the latter authors. In their exposition and in [6] 
the second axiom of countability plays an important role and one may 
suggest that it is the point. In case of nonseparable ANR's one has to 
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use different methods to prove that, e.g., being a strong Z-set is a local 
property. We show this by means of so-called normal systems, which 
turn out to sum up common features of the notion of a strong Z-set 
and the well-known strong discrete approximation property (and simi- 
lar ones characterizing nonseparable Hilbert manifolds [44]). With use 
of normal systems and the so-called small maps approximation prop- 
erty (which discovers the hidden nature of normal systems), in short: 
SMAP, we show that if an ANR X is locally homotopy dense embed- 
dable in Hilbert manifolds and all its nonempty open subsets have the 
same topological weight, then X itlself is homotopy dense embeddable 
in a Hilbert manifold as well. SMAP for normal systems also enables 
us to shorten Toruhczyk's original proof of the Hilbert space manifold 
characterization theorem, namely: Toruhczyk [44, Proof of 3.2, p. 256] 
in the final part of the proof of the theorem characterizing separa- 
ble Hilbert manifolds among complete ANR's by means of the strong 
discrete approximation property (briefly, SDAP; cf. [2]) argued that 
if a separable complete ANR X has SDAP, then X is locally a Hil- 
bert manifold. However, he gave no explanation why SDAP is open 
hereditary, that is, if X has SDAP, then all its open subsets also have 
SDAP (note that the limitation topology of C(-D, U) does not coincide 
with the topology of a subspace induced by the limitation topology of 
C{D,X) if U is open in X). We shall easily see, thanks to SMAP for 
normal systems, that Toruhczyk's condition [44, (*2), p. 253] is implied 
by SDAP. 

The problem of investigation of nonseparable absorbing spaces was 
mentioned in the seminal paper [20] that greatly stimulated the devel- 
opment of the classical (separable) theory of absorbing spaces. So, in a 
sense, the recent paper resolves an old problem posed in the known list 
of problems [20]. Partial results in this direction were also obtained in 
2003 by Sakai and Yaguchi [34]. 

Other topic, discussed in the paper, is related to the problem of 
classification of the weak products of AR's (or, equivalently, absorbing 
sets for topological, closed hereditary, additive classes C such that Ci x 
C2 G C for all Ci, C2 G C). We introduce rigid embeddings into normed 
spaces and by means of them we prove the main result of the paper 
which is new even in separable case and states that the weak product 
(defined in Abstract) of an arbitrary AR is homeomorphic to a pre- 
Hilbert space E such that E = HE. This show that Corollary 5.4 
of [10] which naturally generalizes Toruhczyk's Factor Theorem [41, 
42] (cf. [19]) is in fact equivalent to it. Finally, we give an intrinsic 
characterization of all nonzero pre-Hilbert spaces E with E = HE: a 
metrizable space X is homeomorphic to such a space iff X is an AR 
and a cr-Z-space such that for each Z-set K m. X the natural projection 
[X\K) xX — > X\K is a near-homeomorphism (i.e. it is approximable, 
in the limitation topology, by homeomorphisms) . 
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1. Preliminaries 

In this paper N, / and Q denote the set of all nonnegative integers, 
the unit interval [0, 1] and the Hilbert cube (i.e. Q = J'^), respectively. 
The letters X, Y, Z, K, etc. stand for topological spaces. Following 
Banakh and Zarichnyy [7], we identify cardinals with the sets of ordi- 
nals of smaller size and endow them with the discrete topologies. By an 
ANR we mean a metrizable space which is an absolute neighbourhood 
retract for metrizable spaces. Compact and paracompact spaces are 
meant to be Hausdorff, in the opposite to normal spaces which are un- 
derstood by us as having the property of separating closed disjoint sets. 
We write Y = Z iS Y and Z are homeomorphic. X'^ stands for the 
countable infinite Cartesian power of X, equipped with the Tichonov 
topology, and cov(X) is used to denote the collection of all open covers 
of X. By a map we mean a continuous function. Whenever g is a map, 
im g and im g stand for, respectively, the image of g and its closure. If 
A is a subset of X, int A and A denote the interior and the closure of A 
in the whole space X. We use w{X) to denote the topological weight 
of X. 

If Y is paracompact, the space C{X, Y) of all maps of X into Y in this 
paper is always equipped with the limitation topology. For definition 
and basic properties of this topology the Reader is referred to [44], [12]. 
The symbol B{f,U) (with / G C{X, Y) and U G cov(y)) has the same 
meaning as in [44] and B{f,V() consists of all maps of X to F which 
are U-close to f. 

In the sequel we shall make use of the following powerful result. 

1.1. Lemma (Michael [32], cf. [9, Proposition 4.1]). Let X be a para- 
compact space and W a collection of some subsets of X which satisfies 
the following three conditions: 

(Ml) If A E W and U is an open subset of X contained in A, then 

f/G W. 
(M2) If Ui and U2 are open subsets of X and Ui,U2 G W, then Ui U 

f/2 G W. 
(M3) // {Us}ses is a discrete (in X) collection of open subsets of X 

each of which is a member ofW, then IJses^s ^ ^' 

Then, X G W provided for every point a of X there is A E W such 
that a G int A. 

For simplicity, every family (of subsets of a given topological space) 
which satisfies the properties (M1)-(M3) we call a Michael collection. 

Recall that a space E is said to be a neighbourhood extensor for a 
space X iff every map from any closed subset of X into E is extendable 
to a map defined on some open subset of X (and with values in E). 
If i? is a neighbourhood extensor for X, every open subset of -E is a 
neighbourhood extensor for each closed subset of X, and X is normal 
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provided E is Hausdorff and has more than one point. A space Y is 
called locally equiconnected (in short: LEG) iff there is an open in YxY 
neighbourhood Q of the diagonal Ay = {{y,y): y E Y} and a map 
A : fi X / — > F such that \{y, y, t) = y, A(x, y,0) = x and A(a;, y,l) = y 
for each (x, y) E fi and t E I. Such a map is called an equiconnecting 
function ([24]). Every ANR is LEG and there are examples of separable 
completely metrizable LEG spaces which are not ANR's (see e.g. [13]). 
However, each LEG space is locally contractible and finite dimensional 
locally contractible metrizable spaces are ANR's ([23]). 

In the next section we shall need the following two properties of 
neighbourhood extensors, the proofs of which are left as exercises. 

1.2. Lemma. Let X and Y be normal spaces such that Y is a neigh- 
bourhood extensor for X and let A be a closed subset of X . 

(A) If f : A ^ Y is a map such that im / C V^ where V is an open 
in Y set contractible in its open neighbourhood U D V , then f is 
extendable to a map of X into U . 

(B) (cf. [44, Lemma 1.3]) //, additionally, Y is a paracompact LEC 
space, then the map C(X, Y) 3 u ^-^ u\ . E C{A, Y) is open. 

Whenever we talk about the (topological) dimension, we mean the 
covering one. If W is a family of subsets of a space X, ord{U) stands 
for the order of U and it is understood as a natural number or oo. 
We say that X is of finite- dimensional type (briefly, FDT) iff every 
open cover of X (not necessarily finite) has a refinement (in cov(X)) of 
finite order. X is said to be locally FDT if every point of X has a (not 
necessarily open) neighbourhood which is FDT. Important examples 
of FDT [locally FDT] spaces are [locally] compact ones. 

We denote by comp(X) the least infinite cardinal a such that every 
open cover of X has a subcover of cardinality less than a. Similarly, 
comp;(X) is the least infinite cardinal a such that every point of X 
has a (not necessarily open) neighbourhood F such that comp(F) ^ 
a. (Observe that comp(X) = Kq [comp;(X) = Kq] iff AT is [locally] 
compact.) The proofs of the following results are omitted. (Recall that 
a discrete subset of a topological space is a closed set whose topology 
is discrete.) 

1.3. Lemma. Let X be a paracompact space such that the set X is 
infinite. 

(I) comp(X) is the least cardinal a with the following property: for 
every locally finite open cover {Us}ses of X consisting of non- 
empty sets, cards' < a. 
(II) comp(X) is the least cardinal a such that every discrete subset 

of X has cardinality less than a. 
(Ill) // X is metrizable, then either X contains a discrete subset of 
cardinality w{X) and then comp(X) is the direct successor of 
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w{X), or each discrete subset of X is of cardinality less than 
w{X) and then comp(X) = w{X). What is more, in the second 
case there is a sequence of cardinals a^ < ai < . . . such that 
w{X) = sup„gpja. 
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1.4. Lemma. If X is metrizable and contains a closed set homeomor- 
phic to X X N, then X has a discrete subset of cardinality w{X). 

We shall also involve some properties (the same as were used in [44]) 
of simplicial complexes with Whitehead's weak topologies or the metric 
ones. By a (combinatorial) simplicial complex /C we shall always mean 
a complex whose vertices form an orthonormal system in some Hilbert 
space "H, and its geometric realization |/C| will always be identified with 
the suitable subset of "H. If |/C| is equipped with the weak topology, we 
shall write \}C\w. If it is equipped with the metric topology induced from 
the topology of "H, we shall write |/C|m- The map |/C|ui 3 x ^ x E |/C|m 
is denoted by jic- Adapting Toruhczyk's proof of [44, Lemma 3.4] (cf. 
[21, Proof of Lemma 3.2]) one may show that 

1.5. Lemma. Let X be a normal space, Y be an ANR, V an open 
subset ofY, f : X ^ V a map and letU G cov(y). There is a simplicial 
complex /C and maps f : X — )■ |/C|^ and w : |/C|m. — ^ ^ such that wjicv G 
B{f,U) and 

(SCI) /C is locally finite dimensional, 

(SC2) /C has less than min(comp(X), comp(V")) vertices, 

(SC3) dim/C < min(dim(X),dim(l^)), 

(SC4) /C is finite dimensional provided X is FDT or V is FDT, 

(SC5) /C is locally finite provided V is separable. 

For more information on simplicial complexes see e.g. [48], [22, 21], 
[31] or [9, II.§6]. 

2. Small maps approximation property 
We begin with 

2.1. Definition. For a subset i? of a metrizable space Y, let Sy (X, B) 
be the collection of all maps g: X -^ Y such that irag G B. Note that 
if B is open in Y, Sy{X,B) is open in C{X,Y). Similarly, if i3 is a 
family of subsets of Y, Sy(X, B) stands for the union of all §y(X, B) 
with B E B. The members of §y (X, B) are said to be B-small (in Y) 
maps. We write B-small (in Y) instead of {i?}-small. (It would be 
more appropriate to say 'strongly small'.) 

2.2. Definition. A subset D of C{X, Y) (with paracompact Y) is said 
have small maps approximation property (in short: SMAP) iff there 
is W G cov(y) such that Sy{X,U) C D (the closure taken in the 
limitation topology of C{X, Y)). 



6 P. NIEMIEC 

We call a class T of topological spaces closed hereditary (respectively 
open hereditary) ii A E T for every closed (open) subset A of any 
member of T. 

Utility of SMAP is explained in the following 

2.3. Theorem. Let Y be a paracompact LEC space which is a neigh- 
bourhood extensor for a space X. Let T be the family of all closed 
subsets of X . Suppose that {Dj{\ai^j- is a collection such that 

(DO) For each AeT, Da is an open subset ofC{A,Y). 

(Dl) If B G T, A is a closed subset of B and g G Db, then g\ E D 



A- 



(D2) If A E T is the union of its two closed subsets Ai and A2 and 
g E C{A, Y) is such that g\ E Da^ for j = 1,2, then g E Da- 

(D3) If A E T is the union of a discrete (in A) family {At}teT of its 
closed subsets and g E C(A,X) is such that g\ . E Das for each 
s E T and the family {g{At)}teT is discrete in Y , then g E Da- 

Then the following conditions are equivalent: 

(i) each Da is a dense subset of C{A,Y), 
(ii) Dx has SMAP. 

Proof- We may assume that Y has more than one point. This implies 
that X is normal. Basicly, we only need to show that (i) is implied 
by (ii). Let W be the family of all open subsets U oi Y such that 
Sy(A, U) C Da for each A E T. We shall show that W is a Michael 
collection. The point (Ml) is clearly fulfilled and (M3) is left as an 
exercise. We pass to (M2). Let Ui,U2 E W, U = Ui U U2, A E T, 
f : A — )■ y be f/-small in Y and let V E cov(y). Take a star refinement 
Q E cov(y) of V. Let U* be such an open subset of Y that im/ C U* 
and U* C U. Since the sets U* \ Ui and U* \ U2 are closed and disjoint, 
there are two open sets U^ and ?7| for which U* \ Uj C U* {j = 1, 2) 
and 

(2-1) u*nu^=0. 

Put Bj = U* \ U* {j = 1,2) and note that Bi and B2 are closed 
subsets of Y such that im/ C B1UB2 and Bj C Uj (j = 1, 2). Further, 
take an open set Uq for which B2 C Uq and Uq C U2- Now put 
A, = f-\Bj) eT, fi = f\^^: A,^Y and ^1 = {G n Uo'- G E 
g}\J{G\B2-- G eG}e cov(r). Observe that (by (2-1)) 



(2-2) A\Aif\A\A2 = 0- 

By Lemma 1.2-(B), there is Q[ E cov(y) such that 

(2-3) BU\.Q[)(lBU\Qi)\^^. 

that is, for each Q[-c\ose to /i map hi: Ai —f Y there is a ^i-close to 
/ map h: A ^ Y which extends hi. Since f/i G W and im/i C f/i. 
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there is g'^ G D^^ which is ^(-close to /i. Thanks to (2-3) we may find 
(?i G C(A, F) which is ^i-close to / and extends gi. This yields that 

(2-4) gieBU;gi), gil^^eDA,. 

Now put g'2 = gi\^^. By (2-4) and (Dl), ^sL^nA^ ^ ^A^nA^- We 
conclude from (DO) and the continuity of the map C{A2,Y) 3 u ^ 
^\a nA ^ ^(^1 '"' ^2,^) that there is a refinement Q2 G cov(F) of Q 
such that 

(2-5) B{g'2, ^2) C {/i G ^(^2, Y) : /i|^^^^^ G Z^A.nAj. 

Let A: f2 X J — )■ y be an equiconnecting function (with Q CY xY). 
Take a cover ^2 of ^ such that for each G" G ^2) 

(2-6) G" X G" C f] and there is G G ^2 for which A(G" x G' x /) c G. 

(Notice that this implies that Q'2 refines Q2-) We infer from (2-4) and 
the definition of Qi that im (72 C Uq and thus (^2 is ^2-small in F. Since 
U2 is a member of W, there is a ^2"Close to (/g rnap (72 ^ D^^^. Now 
using (2-2) and the assumption that X is normal take a map fi: A ^ I 
such that 

(2-7) /^Iaw-^ ^"""^ ^'\A^ = ^ 

and define 51: A ^ F as follows: gl^rj- = 92\^rj-, fi'l^VXT = fi'il 



\A\Ai y^lA\Ai' y|A\A2 ^MA\A2 

and g{a) = \{gi{a) , g2{a) , fi{a)) for a E Ai n A2. (Note that the last 
formula makes sense because of (2-6) and the fact that g2 is ^2"Close to 
gi\. .) Thanks to (2-7), g is a, well defined continuous function. What 
is more, by (Dl) we have 

(2-8) ^IaW^^AA- 0- = 1>2). 

Further, we conclude from (2-6) that 

(2-9) 9\A,^Big'2,g2). 

This, combined with (2-4) and the facts that Q2 refines Q and ^ is a 
star refinement of V, gives g G B{f, V). So, to prove (M2), it suffices to 
show that g G Da- But this follows from (2-9), (2-5), (2-8) and (D2). 
We have shown that W is a Michael collection. Therefore, to prove 
that Dx is dense, it is enough (thanks to Lemma 1.1) to show that 
there is V G cov(y) such that V C W. But LEG spaces are locally 
contractible and thus if W G cov(y) is such that 

(2-10) §y{X,U)cD 



X, 



then there are V, P G cov(y) such that the family {D : D G V} refines 
U and each member of V is contractible in some element of V. Now 
Lemma 1.2, (2-10) and (Dl) imply that Sy(A, V) C Da for each AeT, 
which means that V C W. 
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Finally, if A G T, then F is a neighbourhood extensor for A (and 
A is normal). Hence, by the above argument, Dj^ is dense iff it has 
SMAP. But we have shown that V C W for some V G cov(y), which 
gives SMAP for every closed subset of X. D 

2.4. Definition. Let Tbe a closed hereditary class of topological spaces 
and y be a paracompact space. A class {DyiJAer which satisfies the 
conditions (D0)-(D3) appearing in the statement of Theorem 2.3 is 
said to be a normal system over Y. Whenever we deal with normal 
systems, the underlying class T is supposed to be closed hereditary. 

As a simple consequence of Theorem 2.3 we obtain the following 
result (we omit its proof). 

2.5. Proposition. Let X and Y be normal spaces such that Y is a 
hereditary paracompact LEC space and it is a neighbourhood extensor 
for X. Let T and O be the families of all closed subsets of X and of 
all open subsets of Y , respectively. Suppose that {DA,u}^r ^^ ^'^'^^ 
a collection that for every U E O the family {Da = Da,u}ai^t is a 
normal system over U and 

(D*) Dx,Yr}$Y{X,U)(lDx,u. 
Then each of the sets Da,u is dense in C{A, U) provided Dx,y has 
SMAP. 

2.6. Remark. Under the notation and assumptions of Theorem 2.3, the 
fact that Dx has SMAP is equivalent to the following: X may be 
covered by a finite family of closed sets Xi, . . . , X„ such that Dx has 
SMAP for each j. This easily follows from Theorem 2.3, (D0)-(D2) 
and Lemma 1.2-(B). 

Our next aim is to give equivalent conditions under which every 
member of a normal system {DA}AeT over an ANR Y is dense, when 
T is a rich class of topological spaces (such as compact, metrizable, of 
weight no greater than a fixed cardinal, of dimension no greater than a 
fixed natural number, etc.). This can be done by a simple adaptation 
of the concept of Toruhczyk [44] . 

For a normal system {D^j^er over a space Y let us consider the 
following axioms: 

(D4) If A G r, 5 is a closed subset oi A, f e C{A, Y) and f\^e Db, 

then there is a closed subset K oi A such that f\p^ ^ Dk and 

B C intA K. 
(D5) liA.B e Tandf e C{A,B), then Def C Da (that is, ^o/ g Da 

for each g G Db). 
(D6) li A, B E T and A = B, then there is a homeomorphism h: A ^ 

B such that Dsh = Da- 

Note that (D6) follows from (D5) and it implies that if A and B are 
two homeomorphic members of T, then Da is dense [has SMAP] iff 
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Db is dense [has SMAP]. A normal system satisfying the axiom (D4) 
is said to be strongly normal. If (D6) [(D5)] is fulfilled, we add the epi- 
thet topological [transitive] (thus we may talk about topological normal 
systems, transitive strongly normal systems, etc.). Usually normal sys- 
tems are topological. 

Before we formulate results on topological strongly normal systems, 
we will establish notation and terminology. 

Let "H be a Hilbert space of dimension a > and let £ be an or- 
thonormal basis of "H. Fix e G £. For a number n G N \ {0}, let 
Jn{oi) [Kn{a)\ consists of all nonempty finite subsets a oi £ such that 
card(cr U {e}) ^ n + 1 [carder ^ n + 1]. It is clear that |Jn(tt)|m 
[|-K'„(Q;)|m,] is an AR [ANR] of dimension n and of weight max(Q;, Kg) 
and that every simplicial complex of dimension less than n [no greater 
than n] which has at most a — 1 (= a if a is infinite) vertices is iso- 
morphic to a subcomplex of Jn{(^) [of -K'„(q;)]. 

Let us agree that r is one of the topologies — weak or metric — for 
simplicial complexes and it is fixed. That is, whenever in the sequel 
appears a space of the form |/C|r, where /C is a simplicial complex, then 
r always means 'w' or always means '-m'. For simplicity, we say that 
a class T is corelated to an ANR Y if every member of T is a normal 
space for which F is a neighbourhood extensor and for each X E T 
there is an open cover V of F (depending on X) such that for every 
V eV: 

(i) comp(V") ^ comp;(F) 
(ii) V is FDT provided Y is locally FDT, 

(iii) for any map f: X ^ V and an open cover U oi Y there is a 
simplicial complex /C which witnesses Lemma 1.5 and such that 
T contains a space homeomorphic to |/C|t-- 

From now to the end of the section, we assume that Y is an ANR, T a 
closed hereditary class corelated to Y and T) = {Da}a£T is a transitive 
normal system over Y. Our purpose is to answer the question of when 

(•) Dx is dense for each space X eT. 

The following is left as an exercise. 

2.7. Lemma. (A) (cf. [4:4:, Ijeimiva, ?>.&[) Suppose 1) is strongly normal. 
Let K E T be such that K = \IC\r where K, is a finite dimensional 
simplicial complex of dimension n G N which has a > vertices. 
If T contains a space Z = !"■ x a such that Dz has SMAP, then 
Dk is dense in C{K,Y). 

(B) (cf. [44, part of the proof of Lemma 3.8]) // Dk has SMAP for 
each space K E T homeomorphic to a simplicial complex space, 
then (t^t) is fulfilled. 

(C) (cf. [44, proof of Lemma 3.8]) Let K E T be a space homeomor- 
phic to \IC\r for some locally finite dimensional simplicial complex 
/C having a > vertices. If the class T contains a space J{a) 
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homeomorphic to 0^^ |</n(tt)|T such that Dj(^a) has SMAP, then 
Dk is dense. 

Let comp(T A F) = sup{min(comp(X), comp;(F)) : X G T} and 
dim(TAy) = sup{niin(dini(X), dini(y)) : X G T}. Lemma 2.7 yields 
the following 

2.8. Theorem. In each of the following cases {-k) is fulfilled. 

(I) T consists of compact spaces or Y is locally compact, and for 
each m G N n [0, dim(T A Y)] there is n ^ m such that !"■ eT 
and Din has SMAP. 
(II) T) is strongly normal, T consists of FDT spaces or Y is locally 
FDT and for each m G N fl [0,dim(T A Y)] and positive a < 
comp(T A Y) there is n ^ m such that I"' x a E T and Djn^iy 
has SMAP. 

(III) T consists of Lindelof spaces or Y is locally separable, J = 
0^=1 /" G r and Dj has SMAP. 

(IV) For each positive a < comp(T A Y), J{a) = 0^^ | J„(a)|T- G T 
and Dji^a) has SMAP. 

Since Q \ {point} = Q x [0, 1) ([15]), Theorem 2.3 and Theorem 2.8- 
(III) give 

2.9. Corollary. If X is separable, Q* = Q \ {point} G T and Dq^ has 
SMAP, then Dy is dense for each Y eT ■ 

3. Transitive strongly normal systems 
over special anr's 

In case of special ANR's such as manifolds modelled on infinite- 
dimensional Hilbert spaces the points (III)-(IV) of Theorem 2.8 may 
be weakened as it will be done in this section. 

We begin with the following result. 

3.1. Lemma. Let X be a paracompact space and {Da}j\&t '^ normal 
system over X. If A E T , A = {J^^^As where {As]s&s is a discrete 
family of closed subsets of A, and g E C(A, X) is such that g\ . E Da^ 
for each s E S and the family {g{As)} ses is locally finite in X , then 

geDA. 

Proof. Let W be the collection of all open subsets U oi X such that 
g\ -^i(fj) G Dg-njjy It is easy to show that W is a Michael collection and 
each point of X has a neighbourhood belonging to W. So, Lemma 1.1 
finishes the proof. D 

For spaces X and Y , a discrete collection B = {Bs}s£S of closed 
subsets of X and a subset B of X, put 
(3-1) 
C{B, Y; B) = {f E C{B, Y) : {f{B n Bs)}ses is locally finite in Y}. 
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It is not difficult to prove that if Y is hereditary paracompact, O and 
T consist of all open subsets of Y and closed subsets of X, respectively, 
and Da,u = ^^{^^ U; B) for A G T and f/ G (9, then the axiom (D*) is 
fulfilled and for each U E O the system {Da = DA^u}AeT is strongly 
normal over U . 

Following Banakh and Zarichnyy [7] (cf. [44, (*2), p. 253]), we say 
that an ANR X has the countable locally finite approximation property 
(briefly, cj-LFAP) if for every U G cov(X) there is a sequence of maps 
{/„: X — )■ X}„gN such that each /„ is W-close to idx and the family 
{fn{X)}nen is locally finite in X. Equivalently (using similar method 
as those in [44] or in the proof of Lemma 2.7), X has cu-LFAP iff the 
family £(©„gfjL„,X; {Ln}n&i) has SMAP with 
(LFl) {Ln}n&i = {-^"^^jnGN provided X is locally separable, 
(LF2) {Ln}n&n = {|-''n+i(a)|r}nGN for every infinite a < comp,(X), 
otherwise. 

Further, X is said to have the K-discrete m-cells property ([7], cf. [44, 
(*1), p. 252]) if the family 

(3-2) {/ G C(/™ X /€, X) : {/(/"^ X {/3})}/3<. is discrete in X} 

is dense in C(/"* x k,, X). Finally, X has the strong discrete approxima- 
tion property (briefiy, SDAP; [2], cf. [44, Corollary 3.2]) if the family 

{/ e C(©„eN/"+\ X) : {/(r+^)}„eN is discrete in X} 

is dense in C(©„gN/"^^,X). These three concepts were used to char- 
acterize Hilbert manifolds ([44, 45]): 

(HI) X is a paracompact manifold modelled on /^ iff X is a locally 
separable completely metrizable ANR which has SDAP, 

(H2) X is a paracompact manifold modelled on a Hilbert space of 
dimension a > Kg iff X is a completely metrizable ANR of local 
weight a which has cu-LFAP and has a-discrete n-cells property 
for each n G N. 

Note also that SDAP is equivalent to w-LFAP for locally separable 
ANR's ([44], [16]) and that /t-discrete m-cells property (with infinite 
k) is implied by its 'locally finite version' ([5, Lemma 4]), that is, we 
may replace the word 'discrete' in (3-2) by 'locally finite'. Further, 
we infer from Proposition 2.5 that if X has one of these three above 
defined properties, every open subset of X has it as well. This explains 
that the condition [44, (*2), p. 253] is implied by SDAP (for locally 
separable X). This also shows that in the definitions of SDAP, cu-LFAP 
and discrete cells approximation properties we may replace the word 
'dense' by 'has SMAP'. 

Banakh [5] (see also [6, Theorem 3.1]) has proved that a connected 
ANR of weight a is homeomorphic to a homotopy dense subset of a 
Hilbert manifold iff it has w-LFAP and a-discrete n-cells property for 
each n. Recall that a subset A of an ANR Y is homotopy dense in Y 
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iff there is a homotopy H: Y x I ^ Y such that H{y, 0) = y for each 
y eY and H{Y x (0, 1]) C A ([6], [5]). Banakh's result and the above 
comments show that 

3.2. Theorem. // an ANR X is locally homotopy dense embeddable in 
Hilbert manifolds and w{U) = w{X) for each nonempty open subset U 
of X , then X itself is homotopy dense embeddable in a Hilbert manifold. 

Now we shall develop the ideas of the previous section in case of 
ANR's with cj-LFAP or discrete cells properties. From now on, we 
assume that Y is an ANR, T a closed hereditary class corelated to Y 
and {DA}AeT is a transitive strongly normal system over Y. Addition- 
ally, we assume that T contains the spaces ©ngAf/""*"^, and I"^ x a and 
J{a) = ©„gN|-'n+i(«)|r for each positive m G N and a < comp^(F). 

3.3. Proposition. In each of the following cases {-k) is fulfilled. 

(I) Y has u-LFAP and -D/'^xa has SMAP for each positive n & fi 

and a < comp;(F). 
(II) Y is locally separable and has SDAP and Djn has SMAP for each 

Proof. The proofs of both the points are similar and therefore we shall 
only show (1). Let a < comp^(y). By Theorem 2.8, it suffices to 
prove that Dj(^a) is dense. Let / G C{J{a),Y) and U G cov(F). Take 
a sequence {«„: Y — )■ Y}n^i such that Um G -B(idy,W) for each m 
and the family {'Un(^)}n^i is locally finite in Y . By the assumption 
of (I) and Lemma 2.7-(A), D\j^{a)\r is dense for each n ^ 1. So, 
there are maps Qn G D\j ia\\r such that Qn G Biunf\,j , -,, ,W). Put 
9 = [Jn=i9n e C{J{a),Y). By Lemma 3.1, g G £'j(a)- What is 
more, g G B{f, st(W)) (where st{U) is the star oiU), which finishes the 
proof. n 

Analogously one may show that 

3.4. Proposition. // Y has u-LFAP and a-discrete m-cells property 
for every positive m E N and a < comp;(y), and Djn has SMAP for 
each n ^ 1, then {-k) is satisfied. 

4. Strong Z-sets 

Following Toruhczyk [39, 43, 44], we say that a closed subset A 
of X is a Z-set in X, if the set C{Q,X \ A) is dense in C{Q,X), 
or — equivalently — if C(/",X \ A) is dense in C(/",X) for each n ^ 1. 
(If X is an ANR, this definition is equivalent to the original one by 
Anderson [1].) Similarly, A is said to be a strong Z-set in X iff for 
every U G cov(X) there is a map u: X -^ X which is W-close to idx 
and A n imM = (cf. e.g. [11], [10], [17, 18]). In other words, A = A 
is a [strong] Z-set in X iff Sx(-D,X \ A) is dense in C{D,X) where 
D = Q [D = X]. Not every Z-set in an ANR is a strong Z-set ([11, 
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Key example, p. 56]). However, combined results of Henderson [28] and 
Banakh [5] show that every Z-set in an ANR X having cu-LFAP and 
w(X)-discrete n-cells property for each n is strong. We shall obtain 
this result independently of the theorems of Henderson and Banakh. 
The following result is easy to prove. 

4.1. Lemma. If X is hereditary paracompact and A its closed subset, 
T is a class of all topological spaces and for Y E T and an open subset 
U of X , Dw^ij = S[/(F, U\ A), then {Dy,u}y€T is a transitive strongly 
normal system over U and (D*) is fulfilled. 

As an immediate consequence of the above lemma and the results of 
the previous sections, we obtain 

4.2. Proposition. Let X be an ANR and A its closed subset. 

(Zl) ([10], [6, Proposition 1.4.1]) If X is locally compact, then every 

Z-set in X is a strong Z-set. 
(Z2) (cf. [6, Exercise 1.4.10]) // X is locally separable, then A is a 

strong Z-set in X if and only if §x{®n£nl"'~^^, -'^ \ ^) has SMAP, 

iff^xiQ \ {point}, X\A) has SMAP. 
(Z3) IfX IS locally FDT, then A is a strong Z-set iff^xi.!"" x a,X\A) 

has SMAP for each positive n eN no greater than dimX and each 

a < comp^(X). 
(Z4) A is a strong Z-set in X iff §>x{®nm\'Jn+i{ct)\T, X\A) has SMAP 

for each positive a < compj(X). 
(Z5) ([10, Lemma 1.3]) If A is a strong Z-set in X, then U H A is a 

strong Z-set in U for each open subset U of X . 
(Z6) (for separable X see [10, Corollary 1.5]) // every point of A has 

an open neighbourhood U in X such that A fl f/ is a strong Z-set 

in U , then A is a strong Z-set in X. 
(Z7) (cf. [10, Proposition 1.7] or [6, Proposition 1.4.3]) If X is locally 

separable and has SDAP or if X has uj-LFAP and a-discrete m- 

cells property for each positive m E N and a < compj(X), then 

every Z-set in X is strong. 

The counterpart of (Z6) for Z-sets in its whole generality was first 
proved by Eells and Kuiper [25] . Their proof is based on the theorem of 
Whitehead [48] on weak homotopy equivalences and they worked with 
Anderson's [1] definition of a Z-set. Here we gave an alternative proof 
of (Z6) for 'Toruhczyk's Z-set s'. 

The property (Z5), by a simple use of SMAP, may be strengthened 
as follows: if i^ is a strong Z-set in a metrizable space Y and X is an 
open subset of Y such that X is an ANR, then i^ fl X is a strong Z-set 
inX. 

Following [6], we say that an ANR X has the strong Z-set property 
iff every Z-set in X is strong. (Z5) and (Z6) yield that the strong Z-set 
property is open hereditary (i.e. every open subset of an ANR X has 
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the strong Z-set property provided so has X) and is local (if each point 
of X has an open neighbourhood with the strong Z-set property, then 
X has it as well). This facts will be used in the next section. 

Bestvina and Mogilski [10] have proved that a Z-set being a strong 
a-Z-set in a separable ANR is itself a strong Z-set. (This property 
were used by them to prove (Z6) for separable X.) We do not know 
whether the assumption of separability of the ANR in this statement 
may be omitted. The lack of such a property will force us in the next 
section to assume that ANR's have the strong Z-set property. 



5. Absorbing sets 

In this section we generalize most important results of [10] to nonsep- 
arable case. All undefined symbols and notions have the same meaning 
as in [10] (after deleting all assumptions dealing with separability). In 
particular, a G-absorbing set is any space X such that: X is strongly 
C-universal and homotopy dense embeddable into a Hilbert manifold, 
X G Co- and X is a a-Z -space (i.e. X = IJ^i -^n for some sequence 
{Xn)n=i of Z-setsinX). 

The proofs presented in [10] (see also [6]) of the following results (we 
quote only the most important ones) work also in nonseparable case 
(Chapman's generalization [14] of Anderson's-McCharen's theorem [3] 
is needed). 

5.1. Theorem. Let Q be a topological, closed hereditary and additive 
class of metrizable spaces and let X be a metrizable space. 

(SUl) ([10, Proposition 2.1]) If X is strongly C-universal, so is every 
its open subset. 

(SU2) ([10, Proposition 2.2]) IfC is also open hereditary, X is an ANR 
having the strong Z-set property and for each Z-set K in X the 
space X \K is C-universal, then X is strongly C-universal. 

(SU3) ([10, Proposition 2.7]; for general proof see [6, Proposition 1.5.1]) 
// X is an ANR having an open cover consisting of strongly C- 
universal sets, then X itself is strongly C-universal. 

(SU4) ([10, Proposition 2.6] or [6, Theorem 1.5.11]) If X is strongly 
C-universal and Y is an ANR such that X xY has the strong 
Z-set property, then X xY is strongly C-universal as well. 

(SU5) ([10, Theorem 3.1] or [6, Theorem 1.6.3]) Two C-absorbing sets 
are homeomorphic iff they have the same homotopy type. 

(SU6) ([10, Theorem 3.2]; Z-set Unknotting Theorem) If X is C-ab- 
sorbing, then every homeomorphism between two Z-sets in X 
which isU-homotopic to the inclusion map for someU G cov(X) 
is extendable to a homeomorphism of the whole space st(hl)-close 
to the identity map on X . 
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(SU7) ([10, Proposition 2.5 and Corollaries 5.4 and 5.5]) If X is an AR 
having more than one point, then the weak product 

W{X, *) = {{xn)n=i & X"^ : Xn = * for almost all n} 

(where * E X is a fixed 'basepoint') is T) -absorbing where 2) is 
the class of all spaces admitting closed embeddings into W{X, *). 
The class 2) is topological, closed hereditary and additive. IfY 
is also an AR, then W{X, *) and W{Y, *) are homeomorphic 
iff X embeds as a closed subset ofW(Y.,*) and Y embeds as a 
closed subset ofW{X^*). 

Bestvina and Mogilski have also proved that if a separable ANR 
X is a cr-Z-space, has the strong Z-set property and is strongly C- 
universal for a topological closed hereditary additive class C, then it is 
also strongly Co--universal (see [10, Proposition 2.3], the proof uses in its 
final part the second axiom of countability). We do not know whether 
the assumption of separability of X may be omitted in this. However, 
below we prove its counterpart for absorbing sets (which, alternatively, 
may be used to prove the last claim of (SU7)). This result will be 
applied in the next section. 

One of the most important results on separable absorbing sets, beside 
(SU5), states that in the definition of an absorbing set one may omit the 
assumption of homotopy dense embeddability into a Hilbert manifold — 
this is a consequence of [10, Lemma 1.9] and Banakh's theorem [5]. It 
turns out that this is true also for nonseparable absorbing sets, which 
shows 

5.2. Proposition. Let Q be a topological, closed hereditary and additive 
class and X be an ANR which is strongly Q-universal, has the strong 
Z-set property and is a a-Z -space. If X E C^, then X is Q„-absorbing. 

Proof. For simplicity, put k = w{X). The proof of [10, Proposition 2.3] 
shows that the set of closed embeddings is dense in C{P,X) for any 
P e Ca- Since X e Qa, we get that X x N G 6^ as well and thus the 
natural projection X x M — )■ X is approximable by closed embeddings. 
This easily implies that X has w-LFAP. What is more, by Lemma 1.4, 
X contains a discrete subset of cardinality /t, say A. Now if {Ua}aeA 
is a discrete family of open subsets of X such that a & Ua for a & A, 
there is a family {ha'- X — )■ X}a(zA of closed embeddings such that 
im ha C Ua- This shows that X contains a closed subset homeomorphic 
to Xx A (namely IJaeA ™ ^«) ^"^^ therefore also the natural projection 
X X A — )■ X is approximable by closed embeddings. Hence X satisfies 
the K-discrete m-cells property for each m. So, thanks to Banakh's 
theorem [5] , X is homotopy dense embeddable into a Hilbert manifold. 
Now we shall check that X is Co--universal. To prove this, it is enough 
to show that Z-embeddings form a dense subset of C(X, X). 
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Let {'U/3}/3<K be a dense subset of C{Q,X). Further, let 

L = ® (}<:,, imu/3 

be the topological disjoint union of the images of the maps m^, X' be 
the topological disjoint union of X and L and let f : L — )■ X be given 
by v{x) = X. By the above argument, both the spaces L and X' are 
members of Co-. Fix a map / : X — )■ X and a cover Uq G cov(X) and put 
/o = / U f : X' — )■ X. Write X = IJ^i -^n where each X„ is a (strong) 
Z-set in X, X„ G C and X„ C X„+i, and let d denote the metric of X. 
Now arguing similarly as in the proof of [10, Proposition 2.3], construct 
sequences of closed embeddings {/„: X' — )■ X}J^]^ and covers {Un}'^=i 
of X such that for each j ^ 1, 
(El) fj\^, is a Z-embedding, 
(E2) /,|^^_^ = fj-i\^^_^ (with Xo = 0), 
(E3) /,• is W,-close to /j_i|^ U t;: X' -> X, 

(E4) Wj is a star refinement oiUj-i, mesh^Wj < 2^-' and if (^ : X — ?> X is 
Wj-close to /j-i|^, then im^ffllj^^^^ fk{L) = (where |J°^^ = 0), 

and the formula h{x) = lim„_^oo fn{x) well defines a closed embedding 
h: X ^ X. Then /i is Wo-dose to / and h{X) n J^;!^ /„(L) = 0. But 
thanks to (E3) and (E4), the family 

is dense in C{Q,X) and thus h{X) is a Z-set in X. 

To finish the proof, it suffices to apply the above argument for each 
open subset f/ of X (instead of X) and use (SU2). D 

The next two results will be used in the next section. 

5.3. Corollary. Under the assumptions of Proposition 5.2, every T„ 
subset of X is closed embeddable in X. 

5.4. Proposition. Let X be a noncompact AR which contains a closed 
subset homeomorphic to X x X . Let Y be a metrizable space such that 
w{Y) ^ w{X). Each of the following two conditions is sufficient for 
the closed embeddability ofY in X . 

(A) Every point of Y has a neighbourhood (not necessarily open or 
closed) which is closed embeddable in X . 

(B) Y may be covered by a locally finite collection of its closed subsets 
each of which is closed embeddable in X . 

Proof. First assume that Y is the union of its two closed subsets Yi and 
Y2 which are closed embeddable in X. Since X is an AR, there is a 
map Uj-. y — )> X such that Uj\ is a closed embedding. Further, take a 

map A : y — 7- / which is positive on F \ Yi and negative on F \ 1^2 (such 
a map exists because Yi fl Y2 is closed and Qs in both the spaces Yi 
and Y2). Now put u: Y 3 y h^ {ui{y),U2{y),X{y)) G X x X x /. One 



NONSEPARABLE ABSORBING SETS 17 

easily checks that -u is a closed embedding and that there is a closed 
embedding of X x X x / into X (because of the facts that X x X is 
closed embeddable in X and X contains an arc). 

Now to prove the sufficiency of (A), let W be the family of all open 
subsets U oi Y such that U is closed embeddable in X. Thanks to 
Lemma 1.1, it is enough to prove that W is a Michael collection. The 
property (Ml) is immediate, (M2) follows from the first part of the 
proof, and to see (M3), use Lemma 1.4 and the fact that X contains a 
closed copy of X x X (and therefore also a closed copy of X x w{X)). 

The sufficiency of (B) is implied by the one of (A) and the first part 
of the proof (with simple induction argument). D 

Let us call a class C product if Ci x C2 G C for each Ci, C2 G 6. 

For a metrizable space X, let 3^(X) be the class of all metrizable 
spaces which are closed embeddable in X" x /" for some n G N. It 
is easily seen that 5'(X) is topological, closed hereditary and product 
and that 9^(X) coincides with the class of metrizable spaces admitting 
closed embeddings in X^ for some n E N provided X contains an arc. 
What is more, the first paragraph of the proof of Proposition 5.4 shows 
that 3^(X) is additive for an AR X. This facts will be used later. 

5.5. Remark. In Final Remarks (on page 425) of [20] Dobrowolski and 
Mogilski give two classical examples of nonseparable absorbing sets, 
namely /?(A) and TjI'^{A) (where A is an uncountable set). They also 
mention (SU5) in its full generality (compare Example 6.10). 

6. Rigid embeddings 

The main aim of this section is to prove that the weak product 
W{X,*) (defined in (SU7)) for an arbitrary AR X is homeomorphic 
to some pre-Hilbert space E with E = J^E, where 

HE = {(x„)^i G E'^ : Xn = for almost all n}. 

To do this, we shall introduce and investigate certain types of embed- 
dings. But first we estabhsh notation. For t = (ti,...,t„) G M" let 

|t|oo = maxj \tj\ and \t\p = (X]^=i I'^jl'')^- Let E he a real vector space. 
For s = (si, . . . , s„) eM."- and f = (f 1, . . . , f„) G -E", put 



E 



SjVj. 



More generally, ii h: D ^ E is any function (with an arbitrary do- 
main D) and x = {xi, . . . , x„) G -D", then s • h{x) denotes the vector 
Yl^=i Sjh{xj). li y = {yi, . . . , yn) G -D" and cr is a permutation of the 
set {1, . . . , n}, 1/0- stands for the n-tuple (yo-(i), . . . , yu(n))- Finally, for a 
metric space (X, d) and a natural number n ^ 2, (5„ : X" — > [0, +00) is 
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a function defined by 

6n{x) =min{d{xj,Xk): j ^ k}, a; = (xi, . . . ,x„) G X". 

Additionally, we put (5i = 1 : X — ?> [0, +oo). Now we are ready to put 
the following 

6.1. Definition. Let (X, d) be a metric space. A map h: X ^ E where 
{E, II ■ II) is a normed space is said to be weakly separately rigid (with 
respect to d) if for each natural number n ^ 1 and reals r > and 
M ^ 1 there is a constant C = C{r,n,M) such that ||t • h{x)\\ ^ C 
whenever t = (ti, . . . , t„) G M" and x G X" are such that min^- \tj\ ^ j^, 
\t\oo ^ M and Sn{x) ^ r. If the constant C can be chosen independently 
of M (that is, C = C{r,n)) for each n and r, the map h is said to be 
separately rigid and if C depends only on r, /i is called almost rigid. 
Finally, h is rigid if for each r > there is a constant C = C{r) such 
that ||t • h{x)\\ ^ C|t|oo for each t G M" and a; G X" with 5„(a;) ^ r, 
and any n ^ 1. 

A subset A of a normed space E is said to be rigid, almost rigid, etc. 
if the inclusion map A "^^ E is (respectively) rigid, almost rigid, etc. 

It is easy to see that a weakly separately rigid map is injective and its 
image is linearly independent. Note also that if a uniformly continuous 
map is rigid, almost rigid, separately rigid or weakly separately rigid, 
then so is its image. In the sequel we shall show that every weakly 
separately rigid map is an embedding whose image is closed in its own 
linear span. To see this, we need the following 

6.2. Lemma. Let h: X -^ E be a weakly separately rigid map of a met- 
ric space (X, d) into a normed space {E, || ■ || ) such that the linear span of 
imh coincides with E. Letp^l,r>0,M^ 1, t^") = {t^^\ . . . ,tf^) G 
[-M, -^]P U l-^, Mf C W, a;(") = {x^^\ . . . , 4"^) G X^ he such that 
5p{x^^^) ^ r and the sequence (t*^"^ • h{x^^^))'^^i converges in E. Then 
there is a sequence {(yn)^=i of permutations of the set {1, . . . ,p} such 
that both the sequences (tan )5^i and {xan)'^^i converge in W and X^ 
respectively. 

Proof. Let us agree that X]i=i — 0- It suffices to prove that (under the 
assumptions of the lemma on t*^"^ and x^^^): 

(•) If X]fci4 ("^i ) ~^ Yl'k=i'^kh{xk) for some g ^ 0, nonzero 
reals ti, . . . ,tq and distinct points xi, . . . ,Xq of X, then q = p 
and for some sequence (o-„)„^i of permutations one has t^\j\ -^ 
tj and x^ I- .-, — )■ Xj for j = 1, . . . ,p. 

We shall show this by induction on p, starting with p = 0. For p = 
we only need to note that the image of h is linearly independent and 
thus g = 0. Now assume that we have proved (•) for p — 1. The proof 
of (•) for p is divided into three steps. 
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I. If 4"^ ->xi, thenti") ^h. 
Proof of I. We argue by contradiction. Suppose that (ti )n>i does not 
converge to ti. Passing to a subsequence, we may assume that ti — )■ 
s 7^ ti. But then ti' h{xi ) — )■ sh{xi) and hence Y7j=2^j '''i^j ) ~^ 
{ti — s)h{xi) + 'Y^\^2^kh{xk) ■ Now by the induction hypothesis we have 
q = p — 1 and x^ — )> Xi for some sequence of /„ G {2, . . . ,p}. This 

yields r ^ (5p(a;*^")) ^ (i(x-[" , x| ) ^ (i(a;-[" , Xi) + d{xi,Xi ) — )■ 0, which 
is impossible. 

II. There are a sequence of /„ G {1, . . . ,p} and A; G {1, . . . , g} such 
that a;|" — )■ x^. 
Proof of II. Observe that g > 0, because h is weakly separately rigid. 
Put an = mm{d{Xj,Xk): j G {!,..., p}, k G {!,..., g}}. It is 
enough to show that lim„^oo «« = 0. Suppose that the latter con- 
vergence does not hold. Passing to a subsequence, we may assume 
that an ^ c for all n and some positive constant c. This implies 
that there is e > such that dp^q{y^^^) ^ e for each n where y'-"^ = 

{xi , . . . , Xp ,xi, . . . , Xg) G XP'^'^. Moreover, there is a constant A ^ 
1 such that s(") G [-A, -^]p+« U [^,A]p+'? C Mp+^ where s^") = 

(tS"\ . . . , 4"\ -^1, • • • , -tq)- We have s^") • /i(i/(")) ^ which denies 
the weak separate rigidity of h. 

III. There is a sequence of (Tn(l) G {1, . . . ,p} such that a;|^".i) — ?■ xi. 
Proof of III. As in the proof of II, it suffices to show that the sequence 
of 7„ = miuj d{x"'\xi) tends to 0. Again, we argue by contradiction. 
Passing to a subsequence, applying II and after renumerating of x*^"-* 
(which depends on n), we may assume that 

(6-1) -fn>e 

for all n and a positive constant e, and x]^ — )■ Xc for some c G 
{2,...,g}. By I, tj") ^ t, and thus E^=2^?^^(4"^) ^ EMc^'^^(^fc)- 
So, we infer from the induction hypothesis that q = p and x"^ — > Xi 
for some j„ G {2, . . . ,p}, which contradicts (6-1). 

Now (•) follows from III, I and the induction hypothesis. D 

Applying the above lemma with p = r = M = lwe obtain: 

6.3. Corollary. Every weakly separately rigid map h: X -^ E such 
that \mh{X) = E is a closed embedding. 

6.4. Proposition. Let {X, d) be a nonempty metric space and let C = 
3^{X). If h: X ^ E is a weakly separately rigid map into a normed 
space {E, || ■ ||) such that lin h{X) = E, then X G 5'(SE) and HE eQ^- 

Proof. Since the class C is product, we only need to check that E E Q^ 
{X G 3^(T,E) thanks to Corollary 6.3). For (positive) natural numbers 
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p and q let Gp^q be the set of all vectors of the form t • h{x) with 
t e [-g, --]^ U [i,g]P and x e X^ such that 6p{x) ^ i. Lemma 6.2 
shows that Gp^q is closed in E. What is more, it is easily seen that 
E = {0} U [jpq^i Gp,q- So, it suffices to show that each of Gp^g's is a 
member of Co-. Fix p and q and put A = {(ti, . . . , tp) G M^ : - ^ |^j| ^ 
g}, r = {a; G XP; (5p(a;) ^ i} and $: A x T 9 (t,a;) ^ t • x G Gp^q. 
Observe that A x F G C and $ is a continuous surjection. What is 
more, $ — as a map of A x F into Gp^q — is open thanks to Lemma 6.2, 
and card<l>^^({f}) = p\ for each v G Gp^q (because ^(t,x) = ^(t',x') 
iff t' = tcr and x' = x^ for a unique permutation a of {1, ... ,p}). This 
implies that $ is a covering and therefore it is a local homeomorphism. 
Take a small enough open cover {Us}s£S of Gp^q and a corresponding 
family {K}se5 of relatively open subsets of A x F such that $ restricted 
to each V^ is a homeomorphism of Vg onto Ug . Next find an open cover 
W = U^i ^n of Gp^q such that W„ = {W^s,n}se5 is discrete in Gp^q 
and W^s,n C f/s for each s E S and n ^ 1. Then the set D„ = IJse5 ^^s." 
is open in Gp^q and is homeomorphic to Uses'(*^~H^s,n) l~l K)- We 
conclude from this that Dn G Co- and thus also Gp ,j G Co- (since Gp^^ = 
U^i -D„ and each D„ is Jv in Gp,g). D 

We are now ready to prove 

6.5. Theorem. // (X, d) is an absolute retract having more than one 
point and h: X ^ E is a weakly separately rigid map into a normed 
space {E, || ■ ||) such that \mh{X) = E, then W{X, *) = HE. 

Proof. By (SU7) and Corollary 6.3, it is enough to show that E is 
closed embeddable in W{X, *). But this follows from Proposition 6.4, 
(SU7) and Proposition 5.2. D 

Now we shall give an example of rigid embeddings. 

6.6. Example. The following construction is due to Bessaga and Pel- 
czyhski [8] (or [9, Proposition VI.7.1]). Let (X, d) be a nonempty metric 
space. For each n ^ 1 take a locally finite partition of unity {/AJAeA™ 
such that 

(6-2) fx{x) ■ fx{y) = whenever A G A„ and d{x, y) ^ 2~" 

and put g\ = 2^"/a (for A G A„). Assuming that the sets Ai, A2, . . . 
of indices are pairwise disjoint, put A = |J°^i A„ and define /i: X — )■ 
/2(A) = {g:A ^ M| \\g\\l = ExeAdW < +^} by {h{x)){\) = 
\J g\{x). Then h is continuous and im h is contained in the unit sphere 
of /2(A). What is more, h is rigid: if p ^ 1, t = (ti,...,tp) G 
W, X = {xi,...,Xp) G XP and 6p{x) ^ 2"", then \\t • h{x)\\l > 
EAeA„2-"(E?=ii.VA(^)' and (6-2) gives 

\\t . h{x)\\l ^ 2'- J2 E^?/a(x,) = 2-"f^t2 J2 fx{x) = 2'-\t\l. 
AeA„ i=i i=i AeA„ 
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This example shows that every metric space admits a rigid embedding 
into a Hilbert space. 

Now we have 

6.7. Theorem. For an arbitrary AR X , the weak product W{X, *) is 
homeomorphic to some pre- Hilbert space E such that E = HE. 

Proof. Clearly, we may assume that X has more than one point. By 
Example 6.6 and Theorem 6.5, there is a pre-Hilbert space F with an 
inner product (-, -)f such that W{X, *) = SF. Let E = E;2F, i.e. E 
is the set SF with the norm ||(a:„)5^;^||£; = ^/^'^=i{xn, Xn) f ■ There is 
a natural inner product in the space E inducing the norm || ■ H^; and, 
e.g. by [42, Corollary 1.9], E = SF. So, E = J:E = W{X, *). D 

It is easily seen by Toruhczyk's characterization theorem for Hilbert 
manifolds [44, 45] that a connected metrizable space X is a Hilbert 
manifold iff X is a noncompact completely metrizable ANR such that 
the natural projection X x X — )■ X is approximable by closed embed- 
dings. In similar spirit, with use of Theorem 6.7, we now characterize 
manifolds modelled on pre-Hilbert spaces E with E = HE. 

6.8. Proposition. Let X be a connected nonempty metrizable space. 
Let Q = X if X is contractible and otherwise let Q. be the topological 
open or closed cone over X. The following conditions are equivalent: 

(i) X is homeomorphic to (an open subset of) some nonzero pre- 
Hilbert space E with E = HE, 

(ii) X is a Q-absorbing AR (ANR) for some topological, closed hered- 
itary, additive and product class G, 

(iii) X is an AR (ANR) and a a-Z-space such that for every Z-set 
K in X the natural projection (X \ K) xQ^X\Kisa near- 
homeomorphism, i.e. it is approximable by homeomorphisms. 

Proof. To prove that (iii) follows from (i) it suffices to apply a variation 
(cf. [29, Theorem 5]) of Schorl's theorem [35] (note that both the open 
and closed cones over E are homeomorphic to E for spaces E as in 
(i) — see e.g. [27] — and thus if X is an open subset of E, then both the 
open and closed cones over X are factors of E, thanks to [41, 42] or 
[10, Corollary 5.4]). 

To see that (i) is implied by (ii), first observe that the closed cone 
Q oi X belongs to G^ and therefore X x W^(r2, *) G Co- as well (since 
C is product). Further, (SU4) yields that X x W{i^, *) is C-absorbing. 
So, X and X x W{Q,*) are homeomorphic (thanks to (SU5)). Now 
use Theorem 6.7 and Toruhczyk's Factor Theorem [41, 42] to finish the 
proof. 

We pass to showing that (ii) follows from (iii). Let C be the class of 
all topological spaces which are closed embeddable in Q. Clearly, C is 
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topological and closed hereditary. By hypothesis, X xQ = X and thus 
also X xnxn = X. This yields that 

(6-3) i7 X f] is closed embeddable in Q 

(note that X G C). Moreover, Q is noncompact because X is a a-Z- 
space. So, we infer from Proposition 5.4 that C is open hereditary and 
additive. Noticing that C is also product thanks to (6-3), we see that 
to finish the proof it suffices to show that X is C-absorbing. We shall 
do this using (SU2). 

Let K he a Z-set in X. For simplicity, put U = X\K and let tt: U x 
VLxVL ^ U he the natural projection. It follows from the assumptions 
that TT is a near-homeomorphism. This, combined with Lemma 1.4, 
yields that the natural projection U x w{U) -^ U is approximable by 
closed embeddings and therefore U is homotopy dense embeddable in 
a Hilbert manifold (thanks to Banakh's theorem [5]). Fix any Xq E X 
and put a = {xq, 1) G Q. The set {a} is a Z-set in Q (because {xq} is a 
Z-set in X, which is implied by the fact that X is a a-Z-space). Now 
take a space C G 6 and a map / : C — )■ [/. There is a closed embedding 
u: C ^ Q. We see that v. C 3 x \-^ {f{x),u{x),a) G U xQxQ is a Z- 
embedding such that n ov = f. So, since tt is a near-homeomorphism, 
/ is approximable by Z-embeddings. This shows that U is C-universal. 
Hence an application of (SU2) finishes the proof. D 

We do not know whether in the above result it suffices to check the 
point (iii) only for i^ = to obtain (i). 

The technique of rigid embeddings enables us to give a simple proof 
of the following generalization of a special case of [6, Theorem 2.4.2]: 

6.9. Proposition. Let G be a topological, closed hereditary, additive 
and product class of metrizable spaces such that / G C There is a C- 
absorbing pre-Hilbert space F with F = SF iff' there is a space X such 
that 

(Ul) X G e^ and 

(U2) every member of C is closed embeddable in X. 

Proof. The necessity is clear. To prove the sufficiency, embed rigidly 
the space X into a pre-Hilbert space E in such a way that E coincides 
with the linear span of the image of the embedding and then apply 
Proposition 6.4 and (SU7). D 

6.10. Example. For a countable ordinal a > and an infinite cardinal 
m let Ma(m) [M^(m)] and Aa{m) [^^(m)] be the class of all (metriz- 
able) [finite dimensional] spaces of the absolute multiplicative and ad- 
ditive (respectively) Borelian class a and of weight no greater than m 
(for definition and more on these classes see e.g. [37, 38], [26] or [30], 
where the Reader can find more references concerning the subject). It 
is easily seen that each of these classes is topological, closed heredi- 
tary, additive and product. Bestvina and Mogilski [10] have proved 
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that for an arbitrary a, there are an MQ,(Ko)-absorbing AR and an 
^Q,(Ko) -absorbing one, and Banakh, Radul and Zarichnyi have shown 
that also the classes M{(Ko) and yia(Ko) have absorbing AR's (see [6, 
Theorem 2.4.9]). Note that the classes Mi and Ai consist of absolute 
Qs- spaces and absolute T^-spaces^ respectively. It is well known that 
a metrizable space is of absolute ^^-class iff it is completely metriz- 
able, and such a space is of absolute Jv-class iff it is o"-locally compact 
([36]), that is, it is the countable union of its locally compact subsets or, 
equivalenty, the countable union of its locally compact closed subsets. 
This easily implies that S/^(rri) is an Mi(m)-absorbing AR for each 
infinite cardinal m (where /^(m) is the Hilbert space with an orthonor- 
mal basis of cardinality m), which was obtained e.g. by Toruhczyk [40]. 
Further, in [46] Tsuda has proved that for each natural n and infinite 
cardinal m there is a completely metrizable finite dimensional space 
T„(m) of weight m such that every completely metrizable space X with 
dimX ^ n and u'(X) ^ m is closed embeddable in T„(m). This implies 
that the topological disjoint union T(m) = 0^i7'„(m) of the spaces 
T„(m) contains a closed copy of every member of C = M{(m) and be- 
longs to C(j. We conclude from this and Proposition 6.9 that M{(m) 
has an absorbing AR. Analogous results hold for the classes A\. the 
space /?(tn) = the linear span of a fixed orthonormal basis of /^(m) is an 

ja{(m)-absorbing AR (cf. [47]). Indeed, it is clear that S/|(m) = /|(m) 
and that /"^ x m is closed embeddable in /|(m) for each natural n. Since 
every finite dimensional locally compact metrizable space X of weight 
no greater than m is the union of its two closed subsets each of which 
is closed embeddable in /" x m (for some n), thus each such a space 
X is closed embeddable in /^(m) and therefore — by Proposition 5.2 — 

A^iycC) C 5'(/j(m)). On the other hand, if Y is the closed cone over the 
topological disjoint union of the spaces /" x m (n = 1, 2, . . . and m is 
fixed), then Y is a-finite dimensional (i.e. Y is the countable union of its 
closed finite dimensional subsets) and o"-locally compact and W{Y, *) 
is therefore an j^{(m)-absorbing AR. So, (SU5) gives W{Y, *) = Ijixn). 

The latter method of finding an j^{(m)-absorbing AR works also for 
the classes yii(m): it suffices to take W{Z,*) where Z is the closed 
cone over Q x m. 

For ordinals a greater than 1 (and uncountable cardinals m) and 
C G {Ma{m),Ml{m),Aa{'m),Al{m)} there are C- absorbing sets if only 
there are spaces X satisfying (Ul) and (U2) (thanks to Proposition 6.9). 
The author however has no knowledge whether such spaces exist. 

We end the paper with the following 

6.11. Proposition. Every nonempty metric space is isometric to a 
subset A of some normed linear space {E, \\ ■ ||) such that for each 
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n^l,teW andae A", 

(6-4) ||t«a|| >min(-(5„(a),l)|t|i, 

and if the metric of the given space is upper bounded by 2, A may be 
taken to be contained in the unit sphere of E. 

Proof. We shall improve Michael's proof [33] (cf. [9, Theorem II. 1.2]) 
of the Arens-Eells theorem [4]. Let (X, d) be a metric space and x^ an 
arbitrarily chosen element of X. If d is upper bounded by 2, put ip = 
1: X — )■ [l,+oo); otherwise let ■?/': X 9 a; i-> d{x,x^,) + 1 G [l,+oo). 
Take u ^ X. We extend the metric rf to a metric on the set X = XU{u} 
by putting d{x,u) = iIj{x) for x & X. Now let F consists of all d- 
nonexpansive maps of X into M which vanish at u. That is, -u: X — ?> R 
belongs to T iff \u{zi)—u{z2)\ ^ d{zi, Z2) for all Zi, ^2 G X and u{uj) = 0. 
Let /°°(r) be the Banach space of all real- valued bounded functions on 
r equipped with the supremum norm. For x E X denote by 6x G /°°(F) 
the evaluation map of x, i.e. 6x{u) = u{x) for -u G F. It is easily seen 
that the map h: {X,d) 3 x \-^ 6x E (/°°(F), || ■ ||) is isometric and that 
imh is contained in the unit sphere of /°°(F) if d is upper bounded by 
2. We shall check that (6-4) holds. 

Let t = (ti, . . . ,tn) G M" and x = (xi, . . . , x„) G X" be such that 
Sn{x) ^ r E (0,2]. Observe that the map Uq: {xi, . . . ,x„} — > M given 
by Uo{xj) = ^sgntj (where sgn is the sign function) is d-nonexpansive 
and takes values in [—1,1]. This yields that there is a map -u G F 
which extends Uq. But then || X]?=i ^i'^^j II ^ I X]?=i ^i'"(^i)l — il^li- 
This, together with the fact that h is isometric, gives (6-4). D 

Having in mind Example 6.6 and Proposition 6.11, the following may 
be an interesting question: 

Is every metrizable space homeomorphic to a rigid subset of the unit 
sphere of some Hilbert space ? 
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